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THETA DIVISORS OF ABELIAN VARIETIES AND PUSH-FORWARD
HOMOMORPHISM AT THE LEVEL OF CHOW GROUPS
KALYAN BANERJEE
ABSTRACT. In this text we prove that if an abelian variety A admits of
an embedding into the Jacobian of a smooth projective curveC , and if
we consider ΘA to be the divisor ΘC ∩ A, where ΘC denotes the theta
divisor of J (C ), then the embedding of ΘA into A induces an injective
push-forward homomorphism at the level of Chow groups. We show
that this is the case for every principally polarized abelian varieties.
1. INTRODUCTION
In the paper [BI] the authorswere investigating the following question.
Let C be a smooth projective curve of genus g and letΘ denote the theta
divisor embedded into the Jacobian J (C ) of the curveC . Let j denote this
embedding. Then the push-forward homomorphism j∗ at the level of
Chow groups is injective. Also in this paper the author discussed about
the push-forward homomorphism at the level of Chow groups induced
by the closed embedding of some special divisors in the Jacobian J (C ),
arising from finite, étale coverings of the curveC , see [BI][theorem 4.1].
In this paperwe investigate the followingquestion for an arbitrary prin-
cipally polarized abelian variety A . That is let A be a principally polar-
ized abelian variety and let H denote a divisor embedded inside A. Let j
denote this embedding. Then can we say that the push-forward homo-
morphism j∗ at the level of Chow groups of k-dimensional cycles (k ≥ 0)
is injective? This question is affirmatively answered in the case when the
abelian variety A is embedded in the Jacobian variety and we consider
the divisor Θ∩ A inside A, where Θ is the theta divisor of J (C ). This is
exactly the case of Prym-Tyurin varieties, which are abelian varieties em-
bedded inside some Jacobian variety, and the intersection of the theta
divisor of J (C ) with A is linearly equivalent to somemultiple of the Theta
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divisor of A. Since any principally polarized abelian variety is a Prym-
Tyurin variety of some exponent (see [BL] corollary 12.2.4), so for the
principally polarized abelian varieties the above question about the in-
jectivity of the push-forward homomorphismat the level of Chow groups
of k-dimensional cycle (k ≥ 0) is answered, when the divisor H is the in-
tersection of the abelian variety A with the theta divisor of the ambient
Jacobian variety, where A is embedded.
Let A be a principally polarized abelian variety embedded into J (C ) for
some smooth projective curve C. Let Θ be the theta divisor of J (C ). Then
the embedding of Θ∩ A into A induces an injective push-forward homo-
morphism at the level of Chow groups of k-cycle with k ≥ 0.
As an application we get that the embedding of the theta divisor in-
side a Prym variety induces injection at the level of Chow groups. We
also show that if we start with an principally polarized abelian surface
A and consider the corresponding K3-surface, then the push-forward at
the level of Chow groups induced by the closed embedding of the divisor
coming from Θ∩ A inside the K3-surface is injective.
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to Jaya Iyer for telling this problem about injectivity of push-forward induced by
the closed embedding of a divisor into an abelian variety, to the author and for
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cussion regarding the theme of the paper. Also the author wishes to thank the
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2. ABELIAN VARIETIES EMBEDDED IN JACOBIANS
Let A be an abelian variety embedded inside the Jacobian of a smooth
projective curve C . Let ΘC denote the theta divisor of the Jacobian J (C ).
ConsiderΘA to beΘC∩A, and the closed embedding ofΘA into A, denote
it by jA, then we prove that jA∗ is injective from CH∗(ΘA) to CH∗(A).
To prove that first we show that the embedding of ΘC into J (C ) gives
rise to an injection at the level of Chow groups. Although this has been
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proved in [BI][theorem 3.1], here we present an alternative proof follow-
ing [Co] which gives a better understanding of the picture when we blow
up J (C ) along some subvariety (in our case finitely many points).
Theorem 2.1. The embedding of the theta divisorΘC into J (C ) for a smooth
projective curve C, gives rise to an injection at the level of Chow groups.
Proof. Weuse the fact that SymgC maps surjectively and birationally onto
J (C ) and Symg−1C maps surjectively and birationally onto ΘC . We have
a natural correspondence Γ given by pig ×pig−1(Graph(pr )), where pr
is the projection from C g toC g−1, pii is the natural morphism from C
i to
SymiC . Consider the correspondenceΓ1 on J (C )×ΘC given by ( f1× f2)(Γ),
where f1, f2 are naturalmorphisms from Sym
g−1C ,SymgC toΘC , J (C ) re-
spectively. Then by projection formula it follows that
Γ1∗ j∗
is induced by ( j × id)∗(Γ1) where j is the closed embedding of ΘC into
J (C ). Now we compute the cycle
( j × id)∗(Γ1)
that is nothing but the collection of divisors
(D1,D2)
such thatD1 is linearly equivalent to
∑g−1
i=1
xi − (g −1)p and D2 is linearly
equivalent to
∑g−1
i=1
yi − (g −1)p, where
([x1, · · · ,xg−1,p], [y1, · · · , yg−1]) ∈ Γ .
Therefore without loss of generality we can assume that elements in ( j ×
id)∗(Γ1) are classes of effective divisors onC of the form
([x1+·· ·+xg−1+p− g p], [y1+·· ·+ yg−1+p− g p])
such that
([x1, · · · ,xg−1,p], [y1, · · · , yg−1]) ∈ Γ
so we get that either
xi = yi
for all i or
yi = p
for some i . Therefore we get that ( j × id)∗Γ1 is equal to
∆+Y
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where Y is supported on ΘC ×
∑g−2
i=1
Ci . The fact that the multiplicity of
∆ in ( j × id)∗(Γ1) is 1 follows from the fact that Sym
gC maps surjectively
and birationally onto J (C ), and the computations following [Co]. Also
here the Chow moving lemma holds for ΘC ×ΘC , because it holds for
Symg−1C×Symg−1C with the cycles takenwithQ-coefficients and the fact
that f1 is birational. So let
ρ :U →ΘC
be the open embedding of the complement of
∑g−2
i=1
Ci in ΘC . Then we
have
ρ∗Γ1∗ j∗(Z )= ρ
∗(Z +Z1)= ρ
∗(Z )
where Z1 is supported on
∑g−2
i=1
Ci . This follows since ( j × id)
∗(Γ1) = ∆+
Y , where Y is supported on ΘC ×
∑g−2
i=1
Ci . Now consider the following
commutative diagram.
CH∗(
∑g−2
i=1
Ci )
j ′∗
//

CH∗(ΘC )
ρ∗
//
j∗

CH∗(U )

CH∗(
∑g−2
i=1
Ci )
j ′′∗
// CH∗(J (C )) // CH
∗(V )
HereU ,V are complements of
∑g−2
i=1
Ci inΘC , J (C ) respectively. Now sup-
pose that j∗(z)= 0, then from the previous it follows that
ρ∗Γ1∗ j∗(z)= ρ
∗(z)= 0
by the localisation exact sequence it follows that there exists z ′ in
∑g−2
i=1
Ci
such that j ′∗(z
′)= z. By the commutativity and the induction hypothesis
it follows that
j ′′∗(z
′)= 0
since
∑g−2
i=1
Ci is of dimension g −2. So we get that z
′ = 0 hence z = 0. So
j∗ is injective. 
Now we prove the following:
Theorem 2.2. Let A be a principally polarized abelian variety embedded
into Jacobian J (C ) of a smooth projective curve C. LetΘC denote the theta
divisor of J (C ). Pull it back to A and denote the pull-back by ΘA. Suppose
that Symg−iC ∩ A′ is smooth for all i ≥ 0, where A′ is the inverse image of
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A, under the map SymgC → J (C ). Then the closed embedding j :ΘA → A
induces an injection j∗ at the level of Chow groups.
Proof. We have a natural correspondence as previous, Γ given by pig ×
pig−1(Graph(pr )) on Sym
gC ×Symg−1C , where pr is the projection from
C g to C g−1, pii is the natural morphism from C
i to SymiC . Consider the
correspondence Γ1 on J (C )×ΘC given by ( f1× f2)(Γ), where f1, f2 are nat-
uralmorphisms from Symg−1C ,SymgC toΘC , J (C ) respectively. Consider
the restriction of Γ1 to A×ΘA . Call it Γ
′
1. Let j denote the embedding of
ΘA into A. Then by projection formula it follows that
Γ
′
1∗ j∗
is induced by ( j × id)∗(Γ′1), this is because A is smooth and hence j is a
local complete intersection. Now we compute the cycle
( j × id)∗(Γ′1)
that is nothing but the collection of divisors
(D1,D2)
such thatD1 is linearly equivalent to
∑g−1
i=1
xi − (g −1)p and D2 is linearly
equivalent to
∑g−1
i=1
yi − (g −1)p, where
([x1, · · · ,xg−1,p], [y1, · · · , yg−1]) ∈ Γ
′ .
Here Γ′ is the restriction of Γ to the scheme-theoretic inverse A′ ×Θ′A
of A×ΘA, under the natural map from Sym
gC × Symg−1C to J (C )×ΘC .
Therefore without loss of generality we can assume that elements in ( j ×
id)∗(Γ′1) are classes of effective divisors onC of the form
([x1+·· ·+xg−1+p− g p], [y1+·· ·+ yg−1+p− g p])
such that
([x1, · · · ,xg−1,p], [y1, · · · , yg−1]) ∈Γ
′
so we get that either
xi = yi
for all i or
yi = p
for some i . Therefore we get that ( j × id)∗Γ′1 is equal to
∆ΘA×ΘA +Y
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where Y is supportedonΘA×
∑g−2
i=1
Ci∩A. The fact that themultiplicityof
∆ in ( j × id)∗(Γ′1) is 1 follows from the fact that Sym
gC maps surjectively
and birationally onto J (C ), and the computations following [Co]. Also
here the Chow moving lemma holds for ΘA ×ΘA by the assumption of
the theorem. So let
ρ :U →ΘA
be the open embedding of the complement of
∑g−2
i=1
Ci ∩ A in ΘA . Then
we have
ρ∗Γ′1∗ j∗(Z )= ρ
∗(Z +Z1)= ρ
∗(Z )
where Z1 is supported on
∑g−2
i=1
Ci ∩ A. This follows since ( j × id)
∗(Γ′1) =
∆+Y , where Y is supported onΘA×
∑g−2
i=1
Ci . Now consider the following
commutative diagram.
CH∗(
∑g−2
i=1
Ci ∩ A)
j ′∗
//

CH∗(ΘA)
ρ∗
//
j∗

CH∗(U )

CH∗(
∑g−2
i=1
Ci ∩ A)
j ′′∗
// CH∗(A) // CH
∗(V )
HereU ,V are complements of
∑g−2
i=1
Ci∩A inΘA,A respectively. Now sup-
pose that j∗(z)= 0, then from the previous it follows that
ρ∗Γ′1∗ j∗(z)= ρ
∗(z)= 0
by the localisation exact sequence it follows that there exists z ′ supported
on
∑g−2
i=1
Ci ∩ A such that j
′
∗(z
′)= z. By the commutativity and the induc-
tion hypothesis it follows that
j ′′∗(z
′)= 0
since
∑g−2
i=1
Ci ∩ A is of dimension d −2, here d is the dimension of A. So
we get that z ′ = 0 hence z = 0. So j∗ is injective.

The previous theorem gives rise to the following corollary:
Corollary 2.3. Let C˜ → C be an unramified double cover of smooth pro-
jective curves. Consider the Prym variety associated to this double cover,
denote by P (C˜/C ). Consider the embedding of P (C˜/C ) into J (C˜ ). Let Θ′
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be the pullback of the theta divisor on J (C˜ ) to P (C˜/C ). Then the closed
embeddingΘ′→ P (C˜/C ) induces an injection at the level of Chow groups.
Proof. Let g be the genus ofC . So byRiemann-Hurwitz formula the genus
of C˜ is 2g −1. We have the following commutative square.
Sym2g−1C˜
θC

// Sym2g−1C
θC˜

J (C˜ ) // J (C )
Then first of all the Prym variety is the image under θC of the double cover
P ′ of a projective space Pg . This follows from the Riemann-Roch and
the very definition of the Prym variety. Now consider the intersection of
Sym2g−i C˜ with P ′, where i ≥ 2. This intersection is smooth for a general
copy of Sym2g−i C˜ in Sym2g−1C˜ , in the following way. Consider the family
U := {([x1, · · · ,x2g−2 ,x2g−1],p) ∈P
′
×C˜ |p ∈ [x1, · · · ,x2g−1]}
and the projection from U to C˜ . Then U is a family of Sym2g−2C˜ ∩P ′
over C˜ . Hence by Bertini’s theorem for a general p, Up is smooth. Simi-
larly we can prove that a general Sym2g−i C˜∩P is smooth. Hence we have
the assumption of the Theorem 2.2 is satisfied, whence the conclusion
follows. 
Now we prove that if we blow up J (C ) at finitely many points and de-
note the blowupbyJ (C ) and let Θ˜C denote the total transformofΘC, then
the closed embedding of Θ˜C intoJ (C ) induces injective push-forwardho-
momorphism at the level of Chow groups.
Theorem 2.4. Let J (C ) be the blow up of J (C ) at some non-singular sub-
variety Z whose inverse image is E. LetΘC intersect Z transversely. Let Θ˜C
denote the strict transform of ΘC in J (C ). Then the closed embedding of
Θ˜C into J (C ) induces injective push-forward homomorphism at the level
of Chow groups of zero cycles.
Proof. Let us consider pi to be the morphism from J (C ) to J (C ). Consider
the correspondence (pi′×pi)∗(Γ1), where pi
′ is the restriction of pi to Θ˜C .
Call this correspondence Γ′. Then Γ′∗ j˜∗ is induced by ( j˜ × id)
∗
Γ
′, where
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j˜ is the closed embedding of Θ˜C into J (C ). Consider the commutative
square.
Θ˜C × Θ˜C
pi′×pi′

j˜×id
// J (C )×J (C )
pi×pi

ΘC ×ΘC
j×id
// J (C )× J (C )
This gives us that
( j˜ × id)∗Γ′ = (pi′×pi′)∗( j × id)∗Γ1 = (pi
′
×pi′)∗(∆+Y )
where Y is supported onΘC ×
∑g−2
i=1
Ci . Now
(pi′×pi′)∗(∆)=∆+V
where E is the exceptional locus ofpi andV is supportedon (E∩Θ˜C )×(E∩
Θ˜C ). So considering ρ to be the inclusion of the complement of
ã∑g−2
i=1
Ci
in Θ˜C and applying Chowmoving lemmawe have
ρ∗Γ′∗ j˜∗ = ρ
∗ .
Consider the following commutative diagram.
CH0(A)
j˜ ′∗
//

CH0(Θ˜C )
ρ∗0
//
j˜∗

CH0(U )

CH0(A)
j˜ ′′∗
// CH0( J˜ (C )) // CH0(V )
Here A =
ã∑g−2
i=1
Ci . Now suppose that j˜∗(z) = 0. By the previous compu-
tation we get that ρ∗(z)= 0, so by the localisation exact sequence we get
that there exists z ′ in CH∗(A) such that j˜ ′∗(z
′)= z.
By induction CH∗(A)→ CH∗(J (C )) is injective. So we get that z ′ = 0
hence z = 0 giving j˜∗ injective.

Now let A be an abelian surface which is embedded in some J (C ). Let
i denote the involution of A. Then i has 16 fixed points. We blow up A
along these fixed points. Then we get A˜ on which we have an induced
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involution, call it i . Let Θ˜A denote the total transform of ΘA in A˜. Then
the above discussion tells us the following.
Theorem 2.5. The closed embedding of Θ˜A into A˜ induces injective push-
forward homomorphism at the level of Chow groups of zero cycles.
Now A˜/i is the Kummer’s K3 surface associated to A. Suppose that we
choose ΘC such that it is i invariant. Then Θ˜A will be i invariant. The
above theorem gives us:
Theorem 2.6. The closed embedding of Θ˜A/i into A˜/i induces injective
push-forward homomorphism at the level of Chow groups of zero cycles
withQ-coefficients.
Note that all these techniques can be repeated if we consider the group
of algebraic cycles modulo algebraic equivalence. Then therefore the
closed embedding Θ˜A/i into A˜/i induces injection at the level of zero cy-
cles modulo algebraic equivalence.
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